Nature of Mathematics

Lecture notes by
Dr. David Thompson
Assistant Professor of Mathematics, Olivet College

Education For Individual and Social Responsibility

In this text we will explore some of the major realms and applications of mathematics. The
gist of the text will consist in five separate areas: Mathematical Modeling, Probability and
Statistics, Financial Mathematics, History of Mathematics and Aesthetic aspects of
Mathematics with an emphasis on the first three.

In the process we will be using the TI-83 graphing calculator and some of its major features
such as: Graphing and exploration of functions, The Time-Value-Money Solver and
Statistical operations. The TI-83 is a very versatile calculator, and was put on the market
after the advent of the TI-85, which though more powerful is not as user-friendly nor does it
have as many applications that are built in to the hardware of the calculator itself.

Although we will explore the terrain of Pure Mathematics we will be tuned to its manifold
uses in other domains: Such as Science, Business, Social Science, Psychology, Medicine
and other endeavors. We will try to concern ourselves, also, to the universal aspects of this
subject and with even more force to its multi-cultural aspects.




Part I: Mathematical Modeling:

We will use functions and their graphs to model situations in real life settings. Instead of
concentrating on general theory we will concentrate on a wide array of examples taken from
a multiplicity of areas and work out these examples in much detail, using as are principal
tool the TI-83. So, first of all, we will learn some of the graphing capabilities of the
calculator. We shall do so in unison with a worked example. Fahrenheit

Example: A hot cake is set on a cool ledge. The temperature TAAof the cake t

minutes after being put on the ledge is given by: TAA= 52 + 55e %™ in F,

(a) What is the initial temperature of the cake when its first put on the ledge?

(b) What is its temperature 15 minutes later?

(c) At what time will the temperature be 85 F?

Sketch the graph of this function using the window.
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The graph that results is the one displayed above (The thick curve, the thin line being a
guide-line at level 52 degrees Fahrenheit).

We can produce this graph on the screen of the TI-83 as following: Press the following
button.
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And type in the following sequence of buttons:



00600000000

This informs the calculator what function it should graph. Next we need to view the graph of
the function by using an appropriate window. To do so we press the following button.

You will then see a formatting window that looks like the following diagram.

L I HOIC
Amin=-10
mmax=1H
wscl=1
Ymin=-1H
Ymax=14
Y=o l=1
Ares=1

To begin we will keep Xscl and Yscl both set to 1, and will adjust Xmin, Xmax, Ymin, and
Ymax according to the particular features we need to explore in our graph. In this case, the
following choices for these parameters gives a graph much like the one given above: Xmin
=0, Xmax =60, Ymin =0, Ymax = 120.

After making these changes in the formatting window we should have the following view.

L T HOIC
Amin=H
mmax=0A
wscl=1
Ymin=H
Ymax=12H
Y=o l=1
Ares=1

The final step is then to push the following button, in order that the calculator will then graph
the function with this as the viewing window.

Now that we have the graph on the screen we can now investigate properties of the
functional model using some of the advanced features of the calculator.

First, let's answer part (a) of our question: we need to use the formula TAA= 52 + 55¢ 004
with t set to 0, namely: TAOA= 52 + 55e %4 0 = 107. So the initial temperature of the cake
was 107 F.

Second, let’'s answer part (b): TAI5A= 52 + 55e %% 15 = 82 185 degrees Fahrenheit.



To find when the temperature is 85 F we need to solve the following equation for t:

~ ~ 3
85 = 52 + 55e 004 jff 33 = 55e 00 jff 3B = e 004 jff INAZ A= 20.04t iff —'nof’& =tiff 12.771 = t.
Here we have plugged and chugged our way to the answer as follows: First subtract 52
from both sides of the equation and then divide both sides of the equation by 55, then take
natural logarithms of both sides of the equation and then, finally, divide both sides of the
equation to get the required time. Here we transform the original equation by using

operations that are applied to both sides of the equation (One can't make fish of one and
bones of the other—An old Irish expression).

Now the manipulations of the last paragraph are tedious, even when one knows the next
step, especially for those not versed in the magic techniques and incantations of algebra. It
is important to know such methods but the TI-83 can be used to short-circuit the above
methods and get to the answer swiftly. Here's how to answer the three parts to the above
guestion. We will take each part one at a time:

Part(a): Press the following sequence of buttons.
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Then the corresponding y-value will be computed at the bottom right side of the screen.
Part(b): Press the following sequence of buttons.
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Then the corresponding y-value will be computed at the bottom right side of the screen.
Part(c): Press the following button
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and then type in \Y, = 85 followed by the following button:

You will then have a screen which has both the original graph and a horizontal line at height
85, somewhat as in the following diagram:
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Now it remains for us to find the point of intersection of the two graphs (clearly the
y-coordinate, which represents temperature, is 85, whereas the x-coordinate is the required
time to reach that temperature. To find the point of intersection we can use the calculators
intersection feature from the calculate menu by pressing the following buttons in order:
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This will display the coordinates of the point of intersection (12.771,85)—giving us the same
answer to the problem as the algebraic method discussed above.

Note that we can also evaluate the y-values of the function directly on the home screen by
typing the following sequence of buttons.

=) DO arm)

This gives the answer to part(a).
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This gives the answer to part(b).

Example 2: A box is constructed from a square piece of cardboard, of side length
60 cm, by cutting away four congruent squares, of side length x cm, from each its
corners and then folding up along the dotted line segments to construct a
rectangular box of dimensions x by 60 ? 2x by 60 ? 2x as shown.




We can graph the volume function on the screen of the TI-83 as following: Press the
following button.
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and then type the following sequence of buttons in order:

DO000006

This enters the volume function VAA= x50 ? 2x& and then takes us to the graphing format
window which we can edit to leave it looking as follows:

LI I HOIOL
Amin=H
Amax=30
Ascl=1
Ymin=H
Vmax=16000
Yaol=1
Aares=1




Then press the graph button.

A graph like the following will result:
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Note that the maximum point on the graph seems to be somewhere around 10. Using this
fact we can then find the exact coordinates of the maximum point on the graph by pressing
the following buttons in the given order.
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We have told the calculator to look for the maximum between the values of x=9 and x=11
(that is, between the arrows in the output diagram). The maximum point itself will be
highlighted and the coordinates of the maximum point displayed at the bottom of the
screen. Thus the maximum possible volume of such a box is 16000 cm® and this maximum
is gotten by choosing an x value of 10.
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0 3 o 13 a2 30
x=10 y=16000

Example 3: The number of people that have heard a rumor in a small town, after t
days is given by:



AR — 6000
NAA= T+ Bogge 00
(a) Sketch the graph of this function using the window:
Xmin = 0, Xmax = 500, Ymin = 0, Ymax = 6000.
(b) Using the graph estimate when the rumor is spreading most rapidly.
(c) How many people will eventually have heard the rumor?
(d) When will 4000 people have heard the rumor?
The graph that results is the following.
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This is an example of a logistic curve, and is seen when modeling such situations as: the
spread of a rumor (as in our example), the spread of a virus in a community, and the rate of
reaction in a chemical process.

Part(b) solution: By inspection we can see that the slope of the graph (which measures the
rate at which the rumor is spreading is just below t = 300. (In actuality the maximum rate of
grow occurs when t = 289.98).

Part(c) solution: By inspection we can see that the graph levels of eventually at a height of

6000. This can also be seen from the formula NAA= % — as t gets bigger and

bigger the exponential decay term 5999e %% gets closer and closer to 0, and hence the

denominator in the expression % gets closer and closer to 1. Consequently
6000

T 59996 00 will get closer and closer to 6000 as t gets bigger and bigger.
Part(d) solution: simultaneously graph Y, = 6000/AL + 5999’4 20.03xAand Y, = 4000, to

get the following graph.
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We now need to find the coordinates of the point of intersection (clearly the y-coordinate is
4000!), the x-coordinate of which will give us the answer to our problem. All we need do is



press the following sequence of buttons.
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This will give us a solution of x = 313.08. That is to say 4000 people will have heard the
rumor in the 313th day.

Example 4: The intensity of a radioactive substance is modelled by the formula:
RAA= 4000e %% where t is the time in years and R is the number of grams of
radioactive substance.
(a) When will there be only 1500 grams of radioactive substance left.
(b) What is the half-life of this radioactive substance?

Graphing the function Y; = 4000e %% using the window

Xmin = 0, Xmax = 100, Ymin = 0, Ymax = 4000. Gives the following graph.
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We can then simultaneously graph the function Y; = 1500 to get the following graph.
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gives the x-coordinate of the point of intersection to be x = 49.041.
Definition: The half-life of a radioactive substance is the time taken for that
substance to go down in intensity by a factor of one half of what it was initially.

In the present situation the intensity will be one half of the initial intensity when the number
of grams of radioactive substance left is precisely 2000 gms. We then simultaneously graph
the function Y; = 2000 to get the following graph.
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gives the x-coordinate of the point of intersection to be x = 34.657, and this is the half-life of
the radioactive substance in question.

Example 5: The relationship between F and C s a linear one. If water freezes at

0 C and 32 F, and water boils at 100 C and 212 F, derive a formula for converting

from Celsius to Fahrenheit. Us e this formula to convert 45 Cto F. What

temperature is the same in both scales?
We know that the line that describes the relationship most be the unique line that passes
through the points 20, 100Aand /82, 212Aas in the following diagram.

F
(100, 212)
Rize = 180
(0, 32) |
Run =100
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From the diagram we can see that the slope of this line is:

Run 100 5°
And since this line has an F-intercept of 32 we have the following formula

F = (2)C+32A0r solving for Cinterms of F: C = (2 ) A= ? 32
So59 Fis (2)A9?32A=15C. The two temperatures will be the same when
C=(2)C+3Riff AZAC =32iff C= 25 = 240. Thatis, a temperature of 240 F is
equivalent to a temperature of 240 C.

We can answer the first of these last two questions by using the graphing calculator
(choosing Y1 = (%)X + 32, and Y, = 59). And using the intersection combination of buttons

as follows.
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We can answer the first of these last two questions by using the graphing calculator
(choosing Y1 = (2 )X +32, and Y2 = X). And using the intersection combination of buttons

as follows.
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x = -40 v = =40
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Example 6: The number y of daylight hours on the x th day of the year in the city
of Olivet is modeled by the formula: y = 12 + 3.3sinA( Z- ) A ? 80AA. Draw the
graph of this function using the window Xmin = 0, Xmex = 365, Ymin = 8, Ymex = 16
(a) On what date is there a maximum number of daylight hours and how many
hours is this?

(b) Now many daylight hours are there on September 12th?

(c) How many days are there in which there is 14 hours or more of daylight?

Here's what the graph looks like over a complete year:

Part(a): Pressing the following buttons results in the following graph.

So the maximum number of daylight hours would be on the 172st day (namely June 21st,
and the number of hours of daylight that day would be about 15.3 hours.)

Part(b): The 12th of September is the

31+28+31+30+31+30+31+ 31+ 12 = 255th day of the year so press the following
buttons.
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To get the following graphical output.

So there are about 12.425 hours of daylight on September 12th.
Part(c): Type in Y, = 14 to get the following simultaneous graphs:

Then use the following sequence to get the first intersection point.

Here we have used 50 as our guess for the value of x.
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Now use the following sequence to get the second intersection point.

Here we have used 200 as our guess for the value of x.

So the answer to part(c) is from the 118 th day until the 223 rd day (inclusive); a total of 106
days of the year.

EXERCISES:
#1 The value V of an car, in dollars at time t years after it was bought, is modelled by

V = 11000e 008t

(a) How much was the car worth when it was first bought?

(b) How much was the car worth after three years?

(c) What's the half-life of the car?

Sketch the graph of this function using the window: Xmin = 0, Xmax = 20,Ymin = 0, Ymax = 11500.
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#2 A hot cake is set on a cool ledge. The temperature T of the cake t minutes after being put on the ledge is
given by:

T = 58 + 65¢ 004

in degrees F.

(a) What is the initial temperature of the cake when its first put on the ledge?

(b) What is its temperature 20 minutes later?

(c) At what time will the temperature be 75 degrees F?

Sketch the graph of this function using the window: Xmin = 0, Xmax = 120, Ymin = 0, Ymax = 130.
#3 The intensity of a radioactive substance is modelled by the formula:

R = 500e %915 where t is the time in years and R is the number of grams of radioactive substance.
(a) What is the half-life of this radioactive substance?

(b) When will there be only 100 grams of radioactive substance left.

Sketch the graph of this function using the window: Xmin = 0, Xmax = 150, Ymin = 0, Ymax = 550.

#4 The number of people that have heard a rumor in a small town, after t days is given by:

No_ 2000
AL +1999e 0% R

(a) How many people will eventually have heard the rumor?
(b) When will 4000 people have heard the rumor?
Sketch the graph of this function using the window: Xmin = 0, Xmax = 250, Ymin = 0, Ymax = 2100.

#5 Four congruent squares of side length X are removed from the corner of a 72ins D 72ins piece of
cardboard and the sides folded up to make a box. The resulting volume of the box is given by:

VA= xA72 2 2x.

What is the maximum volume of such a box? What value of X gives this maximum.
Sketch the graph of this function using the window: Xmin = 0, Xmax = 36, Ymin = 0, Ymax = 30000.

#6 The average price of a home in Houston, Texas, in 1988 was $62, 900, while in 1989 it was $67, 100.
(a) If the trend continued linearly, what would be the price of a home in 19917

(b) If the trend continued linearly, what would be the price of a home in 2005?

(c) If the trend continued linearly, when would the price of a home be $205,000?

#7 The value V of an car, in dollars at time t years after it was bought, is modelled by
V = 12000e OOt

(a) How much was the car worth when it was first bought?

(b) How much was the car worth after five years?

(c) What's the half-life of the car?

Sketch the graph of this function using an appropriate window.
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#8 A hot cake is set on a cool ledge. The temperature T of the cake t minutes after being put on the ledge is
given by:

T = 58+ 55 00%

in degrees F.

(a) What is the initial temperature of the cake when its first put on the ledge?
(b) What is its temperature 20 minutes later?

(c) At what time will the temperature be 75 degrees F?

Sketch the graph of this function using an appropriate window.

#9 The intensity of a radioactive substance is modelled by the formula:

R = 500e %915 where t is the time in years and R is the number of grams of radioactive substance.
(a) What is the half-life of this radioactive substance?

(b) When will there be only 100 grams of radioactive substance left.

Sketch the graph of this function using an appropriate window.

#10 The number of people that have heard a rumor in a small town, after t days is given by:
N 2500
Al + 2499 OOA
(a) How many people will eventually have heard the rumor?
(b) When will 4000 people have heard the rumor?
Sketch the graph of this function using an appropriate window.

#11 Four congruent squares of side length X are removed from the corner of a 66ins D 66ins piece of
cardboard and the sides folded up to make a box. The resulting volume of the box is given by:

VA= xf66 ? 2xK.

What is the maximum volume of such a box? What value of X gives this maximum.
Sketch the graph of this function using an appropriate window.

#12 The average price of a home in Houston, Texas, in 1988 was $61, 900, while in 1989 it was $69, 100.
(a) If the trend continued linearly, what would be the price of a home in 19917

(b) If the trend continued linearly, what would be the price of a home in 2005?

(c) If the trend continued linearly, when would the price of a home be $100, 000?

Sketch the graph of this straight line using an appropriate window.

#13 The height hAAof aArgcket in meters t seconds from its moment of launch until its fall to earth is given by
the following function: hAA= ?t* + 7t ? 3t2 + Ot + 475.

(a) From what attitude is the rocket launched?
(b) How long is the rocket in the air?
(c) How high does the rocket get?
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#14 An oscillating particle attached to a spring has displacement (in meters) at time t given by the following
function.

~N 7L R ,\t N ~
XAA= 5e’ 15 smA§+€A

(a) What is the displacement of the particle initially?
(b) What is the maximum displacement?
(c) What is the maximum displacement after at least 14 seconds?

#15 A stone is dropped from a height of 1500 meters and the height hAA in meters, of the
stone t seconds after it dropped is given by the following formula.

xAA= 9250 ? 250t ? 6250e ="
(a) How long does it take for the stone to hit the ground?
(b) What will the height be in 12 seconds?

(c) At what time, in seconds after dropping will the stone be at height 10007?
(d) What is the terminal velocity of the stone.
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Part Il: Probability

Next we will delve into the mathematical theory know as Probability Theory. Most of the
time we will discuss what is known as finite probability theory. This is the case in which we
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have a finite number of outcomes for a given observation or event.

The probability of an event is a number p that satisfies the relation 0 —p —1, and measures
the likelihood that The event will occur. The closer p is to 1 the more certain we are that the
event will in fact occur. Likewise the closer pis to 0 the less certain we are that the event
will in fact occur.

There are three separate ways that we can look at probability:

. . Total number of sucessful trial
(a) In terms of what are called relative frequencies (p = — T’;‘t’aj nin:’b:’; tri‘;s” *)

(b) Theoretically (For example, in terms of equally likely outcomes, or using tree diagrams)
(c) Psychologically (or subjectively).

We will deal exclusively with parts (a) and (b), and mainly with part (b).

Definition:

Two events E and F are called MUTUALLY EXCLUSIVE if they both cannot happen at the
same time. This is the same as saying probAE and FA= 0.

Additive Rule for mutually exclusive events:
If two events E and F are mutually exclusive then we have the following:
probAE or FA= probAEA+ probAFA
Additive Rule for general events:
If E and F are any events then we have the following:
probAE or FA= probAEA+ probAA? probZE and FA

Definition:

The conditional probability of E given F denoted probAE|FAis the probability that E will occur
given the information that the event F has already occurred.

Definition:

Two events E and F are called INDEPENDENT if probA=|EA= probA=Aand

probAE|FA= probAEA

Multiplicative Rule for mutually exclusive events:
If two events E and F are mutually exclusive then we have the following:

probAE and FA= probAEAD probAA

Multiplicative Rule for general events:
If E and F are any events then we have the following:

probAE and FA= probZE|FAD probA A

Here's an example:
Example 1: Suppose we toss a coin in the air. What is the probability that the coin
will land with the heads side up?
Solution: Here there are two events: "Heads up” and "Tails up”. Let's call these events H
and T, respectively.
then since there is no reason to suppose, before hand, that H and T will have different
probabilities we have two equally likely events—both with the same probability, p say. Since
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at least one of the events has to occur (assuming the coin does not land on its side!) and
since both events are mutually exclusive (cannot happen at the same time), we must have
p+p = 1, and hence probAHA= ProbATA= 1.

Example 2: Suppose we roll a die. What is the probability that the die will land

with the 5 side up?
Solution: Here there are six events: ©1°,02°0,03°,04°,050 °6° Since there is no reason to
suppose, before hand, these outcomes will have different probabilities we have six equally
likely events—all with the same probability, p say. Since at least one of the events has to
occur and all of the events are mutually exclusive (cannot happen at the same time), we
must have p+p+p+p+p+p =1, and hence

probR1°A = probR2°A= probAR3°A= probR4°A= probA5°A= probR6°A= %

So that, in particular, the probability of getting a °5° is %
Example 3: Suppose we toss two coin in the air, one after the other. What is the
probability that the exclusive outcome will be two heads?
The set of all possible outcomes (The sample space) is AHH,HT, TH, TTC This set has four
outcomes, all of with are equally likely. Hence: probAHHA= 1.
Example 4: Suppose we roll a two dice, one after the other. What is the
probability that the total of the two numbers obtained will add up to 8?
Here we have 36 equally likely outcomes as delineated in the following diagram.

A total of 5 of these 36 outcomes add up to give 8 as the total as in the following diagram,
hence the required probability is given by 3—56 = .13889 (about 13.9 %).
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Example 5: Suppose we roll a two dice, one after the other. What is the
probability that the total of the two numbers obtained will add up less than 8 or
more than 9.

We can solve this problem by using the following diagram.

One can see that there are a total of 27 of the 36 equally likely outcomes that satisfy the
desired condition (that the sum is less than 8 or greater than 9.

Example 6: Suppose we toss three fair coins in the air, one after the other. What
is the probability that the exclusive outcome will be precisely two heads?
Here we will delineate the possible outcomes by using a device called a tree diagram.
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Each of the eight possible, equally likely outcomes, can be arrived at by traversing the tree
from left to right, at each toss choosing the UP branch for an outcome of a head and a
DOWN branch for the outcome of a tail.

For example the outcome HTH corresponds to the following path along the branches of the

tree.

Of these eight equally likely possible paths only 3 of them lead to having precisely 2 heads
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and hence our required probability is thus % = .375 (or 37.5%).

Example 7: Suppose we toss three biased coins in the air, one after the other.
What is the probability that the precisely outcome will be precisely two heads
assuming that the probability of getting a head is .6?

In this case the eight possible outcomes are no longer equally likely but we can apply the
additive and multiplicative rules to compute the probability. This is easily done by consulting
the corresponding tree diagram, which follows.

We have the following, by the additive rule for mutually exclusive events:
probAprecisely two headsA= probAHHT or HTH or THHA= probAHHTA+ probAHTHA+ probATHHA
Furthermore, by the multiplicative rule for independent events we have the following:
probAHHTA = probAHA6probAHAGprobATA= .6 6.6 6.4 = A6R 6A4A= .144
probAHTHA = probAHA6probATA6 probAHA= .6 6.4 6.6 = A6R 6A4A= .144
probATHHA = probATA6 probAHAG probAHA= .4 6.6 6.6 = A6R 6A4A= .144

Thus, probAprecisely two headsA= .144 + 144 + .144 = 3 6.144 = .432. So the probability of
getting precisely two heads in three tosses of this biased coin is 43.2%.

Example 8: Suppose we toss twelve biased coins in the air, one after the other.
What is the probability that the exclusive outcome will be precisely four heads?
Assuming that the probability of getting a head is .6.

For example, we could get all of the 4 heads to begin and then a sequence of 8 tails, as in

23



the following sequence: HHHHTTTTTTTT.
probAHHHHTTTTTTTTA= 66.66.66.66.46.46.46.46.46.46.46.4 = .6%6.4% = 84935410 5

But this is not the only way one can get precisely 4 heads, here's another, mutually
exclusive way: HTHTTTHTTHTT.

ProbAHTHTTTHTTHTTA= 66.46.66.46.46.46.66.46.46.66.46.4 = .6*6.4° = 8.4935%,10 °

So, it's clear that each (mutually exclusive) possibility has the same probability. Hence all
we need to do is find the number of ways it is possible to get precisely 4 heads. Notice
that in the 2nd sequence above the heads occurred in the following positions: 1,2,6,9. Any
similar sequence can be gotten by choosing four numbers from the set

A, 2,3,4,5,6,7,8,910,11,12C The number of ways of choosing 4 objects from 12 is called
12-choose-4, and we can find this number of ways in many ways, one way is to use a
device known as Pascal's Triangle.

PASCAL'S TRIANGLE:

Pascal's triangle is a device for computing the number A? Aof ways of choosing r distinct
objects from n distinct objects, where r —n . A" Ais pronounced n ? choose ? r.

A" Ais the number in the nth row of pascal's triangle (start counting rows at zero),

in the rth position in that row (again counting from zero).
Construction of Pascal's triangle: Each entry of Pascal's triangle is gotten by adding the two
entries above it in the triangle.
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So from this diagram we can calculate the answer to our example:
probAPrecisely 4 headsin 12 tossesA = 495 6.6* 6.48 = .042043.

That is, the answer to our example is about 4.2%.
Another way to calculate A" Ais to use the following formula:

(P) T 6Arr]1!’?rA
where
nl = n6A? 1A6/4 ? 2A6u 61.
Note that by definition:
O=l1landll =1

In particular, we have
(12) - 120 _ 126116106968 _ 1261161069 - 1261161069 - 116569 = 495
4 ’

41 68! 41 68! 41 4636261
agreeing, as it should, with the Pascal's triangle method.

On the TI-83 Calculator we can find A" Aby typing in the number n, and then the following
buttons:
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and then finally typing the number r followed by the following button.

The Binomial distribution:

Definition: A Binomial (Or two-named) Experiment is one in which there are a number
(n) of repeated trials one after the other in which each trail has two possible outcomes
(labelled SUCCESS and FAILURE). The trials must all be independent of one another and
the probability of success (p) must remain constant from trial to trial (In practice this is
usually obviously true).The thing we are interested in, in the case of any binomial
experiment, is the number of successes we get. There are n+ 1 possible outcomes (not all
equally likely, in general) for any binomial experiment with n trials. We have the following
formula:

probability of getting precisely r successes = PAA= (') Dp"Dq"" whereq=17?p.
On the TI-83 Calculator we can find PAAby using the built in function: binompdf:
PAA= binompdf/,p,rA
This is gotten by pressing the following buttons.

—-this will paste binompdfAonto your home screen.

On the TI-83 Calculator we can find PAOA+ PALA+ PARA+u + PAAby using the built in
function: binomcdf:

This is gotten by pressing the following buttons.

This is what we call a LEFT TAIL of the distribution:
PAOA+ PAA+ PRA+u + PAA= binomcdfi,p,rA
The corresponding RIGHT TAIL is given by:
PA + 1A+ PA + 2A+ PA + 3A+u +PAA= 17? binomcdfh,p,rA

The function binomcdf is used in situations in which we have a binomial problem that
contains one of the following combinations of words: °at least®, °at most®, °more than®, °less
than®. Note ©at least 6° is equivalent to °more than 5°, and °at most 6° is equivalent to °less
than 7°.

Hence °at most® and °ess than® are LEFT TAIL SITUATIONS.
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and Cat least® and °more than® are RIGHT TAIL SITUATIONS.
Here is an examples that contain these key word sequences.
Example 9: Suppose we toss twelve biased coins in the air, one after the other.
(a) What is the probability that the corresponding outcome will be precisely 4

?lsa\?vskzat is the probability that the corresponding outcome will be at most 4
?Sa\;jvsh.at is the probability that the corresponding outcome will be less than 9
?5a\c/1lvs€at is the probability that the corresponding outcome will be more than 9
?ee)a\(ljvsﬁat is the probability that the corresponding outcome will be at least 4
Rizﬂrsn?e that the probability of getting a head is .7.

Answers:

(a) binompdfAL2,.7,4A= .0077977157 (or about .8%).

(b) binomcdfAL2,.7,4A=.0094893711 (or about .9%).

(c) binomedfAL2,.7,8A= 5074842253 (or about 50.7%).

(d) 1? binomecdfAL2,.7,9A= .2528153479 (or about 25.3%).
(e) 1 ? binomcdfAL2,.7,3A= .9983083446 (or about 99.8%).

Probability Exercises

#1 What is the probability of getting precisely 6 heads in 14 tosses of a coin?

#2 What is the probability of getting more than 12 heads in 14 tosses of a coin?

#3 What is the probability of getting less than 3 heads in 14 tosses of a coin?

#4 What is the probability of getting a combined total of 6 or less in two throws of a die?

#5 What is the probability of getting a combined total of 7 or more in two throws of a die?

#6 What is the probability of getting at least one six in four throws of a single die?

#7 What is the probability of getting at least one double-six in 24 throws of a pair of dice?

#8 What is the probability of drawing an ace followed by a club from a regular pack of playing cards?
#9 What is the probability of drawing a club followed by an ace from a regular pack of playing cards?
#10 What is the probability of drawing a three club-cards in a row from a complete deck of cards?
#11 A bag contains 14 red marbles and 30 blue marbles. If two marbles are chosen at random without
replacement what is the probability of getting:

(A) Two blue marbles?

(B) Two red marbles?

(C) A marble of each color?

#12 A fair coin is thrown 10 times find the following:

(A) The probability that you get precisely 3 heads.

(B) The probability that you get at least 8 heads.

(C) The probability that you get at most 2 heads.

#13 The chance of getting a defective radio is 1.5%. In a random batch of 32 radios what's the probability of
getting at least 2 defective radios.

#14 A fair die is thrown 14 times find the following:
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(A) The probability of getting precisely 3 sixes.
(B) The probability of at least one six.
(C) The probability of at least two sixes.

#15 A a pair of fair dice is thrown 15 times find the following:
(A) The probability of getting precisely 3 double sixes.

(B) The probability of at least one double six.

(C) The probability of at least two double sixes.

#16 Find the probability that when you toss two dice you will get a combined sum of less than 4 or more than
8.

#17 A fair coin is thrown 10 times find the following:

(A) The probability that you get precisely 3 heads.

(B) The probability that you get at least 8 heads.

(C) The probability that you get at most 2 heads.

#18 The chance of getting a defective radio is 1.5%. In a random batch of 30 radios what's the probability

of getting at least 2 defective radios.

The Normal Distribution:

In the examples we looked at above the probability of an event was a simple case of
counting the possible outcomes. This was because in each example the sample space was
a finite set. One case, which is extremely important, that does not involve a finite set
involves what is known as the bell curves. Each bell curve enables us to find certain
probabilities by finding areas underneath the curve fro one point to another. This probability
will be that of the random variable (the X-variable) will lie between these two points.

For example the shaded area in the following bell-curve for the distribution of the random
variable x give us the probability that the random variable lies between a and b.

Properties of Bell Curves:
(1) The total area under any bell curve is always 1.

(2) Every bell curve has precisely two reflexion points, symmetrically placed with respect to
the center of the bell. The are the point on the curve where the curvature changes from
either concave up to concave down or vice versa (see the following diagram).

(3) A bell curve is completely determined once we know the center (or mean) of the bell and
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its thickness (or standard deviation). The thickness is the distances from the center of the
curve to either of the reflexion points.

Example 1: Fish in a lake have lengths that are normally distributed with mean 34
cm and standard deviation 5 cm. What is the probability that:

(a) A fish chosen at random will have a length between 30 cm and 40 cm?

(b) A fish chosen at random will have a length bigger than 40 cm? (A RIGHT
TAIL)

(c) A fish chosen at random will have a length less than 40 cm? (THE
CORRESPONDING LEFT TAIL TO THAT IN PART (b))

(a) We need to find the following shaded area:
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(b) We need to find the following shaded area:

(c) We need to find the following shaded area:

Using the TI-83 we can easily find the shaded areas in the last three figures, thus giving the
answers to the three parts of this question. We find the areas by using the built-in function
normalcdf. This function has four slots:

normalcdf(left-end of interval, right end of interval, mean, standard deviation).
For left tails we put -E99 in the first slot. For left tails we put E99 in the second slot. E99 is
the largest number that the TI-83 can deal with—so that for all intents and purposes (at
least our purposes!), E99 is K. E99 is gotten by pressing the following sequence of buttons.

We can thus find the answer to part (a) by pressing the following sequence of buttons.

This gives the answer as: .7745375117 (or about 77.4%).
We can thus find the answer to part (b) by pressing the following sequence of buttons.
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This gives the answer as: .1150697316 (or about 11.5%).
We can thus find the answer to part (c) by pressing the following sequence of buttons.

This gives the answer as: .8849302684 (or about 77.5%).

Note that the answers to parts (b) and (c) add up to give 1 — the total area under the bell
curve.

Example 2: The grades in a national mathematics test are normally distributed

with a mean score of 70 and a standard deviation of 8.

What is the least grade a student needs to have to be in:

(a) The top 20% of students?

(b) The top 10% of students?

(c) The top 5% of students?

(d) The top 1% of students?

(e) The top 3% of students?
Here we know what the area is for a given tail and we are asked to find the cut-off for that
area. Again we have a built-in function on the TI-83 that can quickly answer these questions
for us, namely the InvNorm function which is gotten (along with a first round bracket) by
pressing the following sequence of buttons.

This function has three slots and the syntax for this function is as follows
InvNormA eft Tail Area, Mean, Standard DeviationA
So the answer to (a) may be gotten by typing the following buttons in sequence.

This gives an answer of 76.73296987 or about 76.7.
So the answer to (b) may be gotten by typing the following buttons in sequence.

This gives an answer of 80.25241253 or about 80.3.
So the answer to (c) may be gotten by typing the following buttons in sequence.
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This gives an answer of 83.15882901 or about 83.2.
So the answer to (d) may be gotten by typing the following buttons in sequence.

This gives an answer of 88.61078302 or about 88.6.
So the answer to (e) may be gotten by typing the following buttons in sequence.

This gives an answer of 90.60663442 or about 90.6.
EXERCISES ON NORMAL DISTRIBUTIONS:

#1 A pond has fish whose lengths are normally distributed with a mean of 40 ins and a standard deviation of
3.2ins. Find the probability that a fish chosen at random has:

(a) A length between 38 ins and 41 ins?
(b) A length smaller than 38 ins?
(c) A length bigger than 38 ins?

#2 The weights of crispy cereal are normally distributed with a mean of 42 gm and a standard deviation of 1.2
gm. Find the probability that a box of cereal chosen at random has:

(a) A weight between 35 gm and 38gm?
(b) A weight smaller than 38 gm?
(c) A weight bigger than 38 gm?

#3 Twelve year old girls have heights that are distributed normally. If the mean length of a twelve year old girl
is 55 ins with a standard deviation of 5ins find the following:

(a) The probability that the height of a twelve year old girl chosen at random is bigger than 65 ins.
(b) The probability that the height of a twelve year old girl chosen at random is smaller than 45 ins.
(c) The probability that the height of a twelve year old girl chosen at random is between 49ins and 69 ins.

#4 The price of gasoline in a certain state is normally distributed with mean $1.12 with a standard deviation of
.06.

(a) What is the probability that on a given day chosen at random the price of gasoline will be more than $1.35?
(b) What is the probability that on a given day chosen at random the price of gasoline will be less than $1.00?

(c) What is the probability that on a given day chosen at random the price of gasoline will be between $1.20
and $1.40?

#5 The number of hours per day American teenagers watch TV is normally distributed with mean 6 hrs and
standard deviation 1.5 hrs.
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(a) What is the probability that an American teenager chosen at random will watch less than 3 hrs of TV per
day?

(b) What is the probability that an American teenager chosen at random will watch more than 10 hrs of TV per
day?

(c) What is the probability that an American teenager chosen at random will watch between 3 and 5 hrs of TV
per day?

#6 The number of hours per day American teenagers watch TV is normally distributed with mean 6 hrs and
standard deviation 1.5 hrs.

(a) What is the probability that an American teenager chosen at random will watch less than 3 hrs of TV per
day?

(b) What is the probability that an American teenager chosen at random will watch more than 10 hrs of TV per
day?

(c) What is the probability that an American teenager chosen at random will watch between 5 and 9 hrs of TV
per day?

#7 The commute time for students at small college is normally distributed with mean 35 minutes and standard
deviation 6 minutes.

(a) What is the probability that a student chosen at random will take more than 50 minutes to commute to
school?

(b) What is the probability that a student chosen at random will take less than 15 minutes to commute to
school?

(c) What is the probability that a student chosen at random will take between 28 and 32 minutes to commute to
school?

#8 The time taken for a graduate student of mathematics to complete a Ph. D. is normally distributed with
mean 6 years and standard of deviation 1 year

(a) What is the probability that a graduate student of mathematics chosen at random will take more than 8
years to get a Ph.D.?

(b) What is the probability that a graduate student of mathematics chosen at random will take less than 4 years
to geta Ph.D.?

(c) What is the probability that a graduate student of mathematics chosen at random will take between 4 and 8
years to get a Ph.D.?

#9 The scores on a test for job applicants are normally distributed with mean 125 and standard deviation 45. A
personal manager will select only the top 5% of the applicants. What is the cut-off score for being accepted by
the manager?

#10 The mean lifetime of a ABC company light bulb is 1200 hrs with a standard deviation of 150 hrs.
Assuming that the lifetime of a ABC light bulb is normally distributed, for how many hours should ABC
guarantee if it only wants to replace the lowest 1% of all the bulbs. (Note: Here we have a left tail situation).
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Part Ill Statistics

We will concentrate mainly on describing numerical data. This is called descriptive
statistics. We will study averages (or measures of center), measures of spread, and
measures of position.

Our numerical data will come to us in one of two ways:
(1) As a data list.
(2) As a frequency distribution.

Data Lists:
MEASURES OF CENTER (OR AVERAGES):
Examples of Averages: There are many different averages (measures of the center of a
data list)

Example 1: Consider the data list given by A2,11,3C.
We can add up all the numbers in the list and divide the answer by the number of numbers
in the list to give us a measure of center called the mean (denoted X ) as follows

x=2483 =5,

The data list is sometimes called the x-list. The sum of all the numbers in the list (called
elements) is denoted by > x. In this example > x = 15.
Definition: For a data list with n numbers in the list the mean is gotten by using
the following formula:

X=—-

Another example of a measure of center is given by the median: in this case we first order
the numbers in the list, starting with the smallest and descending to the largest. In this case
the ordered list would be {2,3,11}. We then take the number which is exactly in the middle
of the ordered list (this is the case if the list has an odd number of elements, as is the case
for this data list; if, on the other hand there are an even number of elements then there will
be two numbers side by side that are in the middle and we must take the mean of these two
numbers to get the median, in this case). So the median (denoted X) is 3 here.

Example 2: The data list 2,11,6,13C
Here x = 211613 =8 The ordered list is/,6,11,130n this case and so there are two

numbers competing for the title of center of the list: 3 and 6; hence § = % = 8.5.

Another example of a measure of center is the mid-range this is defined to be the mean of
the smallest (min) and the largest (max) of the elements in the list:

MIDRANGE = m.

The midrange of the first data list is % = 6.5, and the midrange of the second data list is
213 =75,
2
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There are many other measures of center, but the first two, the mean and median are the
most important ones. The median is of great use when we have one or more elements of
the list that are not °typical® and may be either very large (making the mean
disproportionately large), or perhaps very small compared to the other elements.

For theoretical purposes the most important measure of center is the mean. We now move
on to the topic of measures of spread.

MEASURES OF SPREAD: Just as there are many different measures of canter, likewise
there are many different measures of spread.

For example, probably the easiest is the range:
Range = max ? min.

Our main measure of spread will give us some idea how the data is spread out from the
center (that is the mean X). First we look at the displacements from the mean x ? X, We will
illustrate this for the data set A, 11, 6,13Cgiven above.

X X X?X
2 8 76
11 8 3
6 8 7?2
13 8 5

Notice that the mean displacement will not a good measure of spread since it is always 0!
That is to say, it is always the case that > A& ? XA= 0. We could look at the mean distance
from the mean:

X xX?X|
2 8 6
11 8 3
6 8 2
138 5
In this case the mean displacement from the mean is: > LX 1o 225 = 4. This measure of

spread is called the Mean Absolute Deviation (MAD!):

5
map = ZK7X],

Because its computation involves taking the absolute value, which is not an algebraic
process, this measure of spread, though good, is not suitable for theoretical purposes, and
for that purpose we search for another measure of spread which is similar, but which
involves no use of the absolute value. The absolute value basically gets rid of any
negatives. Another way to get rid of negatives is to square numbers, since the square of
any real number must be non-negative (that is to say, O or positive).
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X X [x?x}
2 8 36
11 8 9

6 8 4

13 8 25

The table we have just completed is called an extensions table. The quantity > |x ? | is
SO important in statistics it is sometimes denoted SSXA so:

SSKA= > [x? X2

The SSpart of SS&Adenotes sum of squares, but sum of the squares of the displacements
form the mean, not the sum of the squares of the x values. In fact, note the following:

SSKA= > x2onlywhenx = 0.

We now define what is know as the sample standard deviation, s, of the data list:

s:/*_m
n?1°-

Note that we have not taken the mean of the numbers |x ? X|? for in that case we would
divide by ninstead of n ? 1. It is beyond the scope of this class to know why we define the
standard deviation this way. The other, perhaps more natural way, gives rise to what is
known as the population standard deviation, a,of the data list:

o

_ | SSAXA
a=|>F—.
So the sample standard deviation for the data set /2,11,6,13Cis s = [$£2425 =4

9666 AapproximatelyA
MEASURES OF POSITION:
We have already met one measure of position: an average, which measures the position of
the center of the data set. We will how look at some other measures of position.
Quartiles: There are three quartiles: Q1, Q2,and Qs.
Q: is by definition the same as the median (and hence an average, as so consequently a
measure of position!).
Q1 is the median of all the numbers in the data set less than Q, and Qs is the median of all
the numbers in the data set more than Q..
So Qs in some sense measures a °quarter point® and Qs a °three quarter point® in the data.
Here's an example of how to find the quartiles:

Example 3: Find the quartiles of the following data-set:

A,8,4,19,23,9,45,24,29,5C

Solution: First we sort the data-set from smallest to largest as follows:
/B,4,5,8,9,19,23,24,29,45C Clearly Q, = 2 = 14,

To find Q; we need to find the median of A, 4,5,8,9C which is clearly 5. To find Qs we need
to find the median of A9, 23,24, 29,45C which is clearly 24.
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Definition: A five-number display for a data-set is the sequence of numbers:

min, Q1, Q2, Qs,max. The five-number display for example 3 is 3,5, 14,24,29. Note that the
numbers may be all different, or some or even all the numbers may be the same. The five
number display is often depicted in a diagrammatic form like the following, which is called a
box and whisker display.

Note that the middle line in the box (Q2) does not in the case lie exactly halfway between
the other two (Q: and Q).
That is, in general it is NOT the case that Qz = 2%,

USING THE TI-83 TO FIND THE MEAN, STANDARD DEVIATION AND THE FIVE
NUMBER DISPLAY:

While all the above calculations can be done easily if the data-set is small, they become
quite tedious for larger data-sets. Fortunately we can get the calculator to do all the number
crunching for us. For demonstration we will use the following data set as an example, nbut
please note that the method would be the same for a data-set with many more numbers in
it: A£8,35,57,98, 35,56, 36C

First let's discuss how to enter the data-set into the calculator. We do this by pressing the
following buttons.

This will take us to a screen like the following.

Then we enter the numbers by punching the following sequence of buttons:

The screen will then look somewhat like the following.
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The to find the things we want (called the 1-variable statistics) press the following squence
of buttons.

This will result in the following output screen:

The number on the second line is the mean, the fifth is the sample standard deviation and
the sixth is the population standard deviation.

The seventh line lets us know that there were 7 elements in our data-set. The arrow beside
this last line on the output screen tells us there is more information underneath that we can
access by scrolling. To do the scrolling, in order to see all the output press the following
sequence of buttons:

We will then see the following output on the screen, the last five numbers of which is the
five-number-display for the data-set.
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How to clear a whole list:Now we may want to clear the list in L; (perhaps to do an
l-variable statistical analysis of a different data set). There are a number of different ways
that one can clear a list. One way to clear Liis as follows.

Similarly we can clear L, as follows, and clearly we can do the same for any of the six
built-in lists.

In a similar fashion we can clear lists L, L4, and Lg, for example, if we needed to by
pressing the following sequence of buttons.

We can clear all the six lists simultaneously by pressing the following buttons.

Finally, is we are in a list we can scroll up to its name as follows.
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and then press the following sequence of buttons.

FREQUENCY DISTRIBUTIONS:

A slightly different way that data may come to you is in the form of what is called a
frequency distribution. In this form if the data set contains precisely five numbers that are all
the same that number is presented as an ordered pair: (#, frequency) and tabulated as in
the following example:
EXAMPLE 4: find the sample mean, the sample standard deviation, the sample
median, SS&A and draw a labeled box-and-whisker display for the frequency

distribution:
x f
2 7
4 2
8 4
5 3
11 5
9 8

This frequency distribution is exactly the same as the following data-set:
2,2,2,2,2,2,2,4,4,8,8,8,8,5,5,5,11,11,11,11,11,9,9,9,9,9,9,9,9Cin which we have seven
2's, two 4's, four 8's, three 5's, five 11's and eight 9's — a grand total of 29 data elements.
Notice that the number of elements can be gotten by summing the enters in the f-column
(the frequency column):

> f = # of elementsin the corresponding data ? ?set.

We can find the 1-variable statistics for this data set by entering all the numbers into the list
L, like we did before OR we can, more easily, enter the x-list as L; and the f-list as L, as
follows.
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The to get the output screen with the sample mean, sample standard deviation,
five-number-display etc. we only need to now press the following sequence of buttons.

Formulas for finding the mean and standard a frequency distribution
using an EXTENSIONS TABLE:

> fx . o > )’
X = . SSKA= > Ax?A? u, s= | =X
> f > f > i1

Example 5: Find the sample mean and the sample standard deviation of the
following frequency table, using an EXTENSIONS table and the formulas quoted

above.
f
3
2
2
95
SOLUTION:
x f fx fx?
2 36 12
326 18
52 10 50
9 5 45 405

The sums of each of these columns are as follows.
>x=19 > f=12 > KxXA=67 > Kx&R = 485
AN — 672 _ 1331 — 24
So SSXA= 4857 55 = =5, andso s = m
5.5833 (approximately).

= 3.1754 (approximately), and x = & =

Exercises:

41



#1 Using only an EXTENSIONS TABLE find the sample mean, the sample standard deviation, the sample
median, SS&A and draw a labeled box-and-whisker display for the data list:AB, 12,14, 9, 3,5C

#2 Find the sample mean, the sample standard deviation, the sample median, SSAXA and draw a labeled
box-and-whisker display for the data list: 21, 38, 19, 35, 27,18, 23, 24, 29, 33,45C (Note that

SSKXA= A ? 1A6S?).

#3 Find the sample mean, the sample standard deviation,for the following frequency distribution using an
EXTENSIONS TABLE.

© P NN O w X
N AN O O WO W ™

I
N~ P

#4 Find the sample mean, the sample standard deviation, the sample median, SSAXA and draw a labeled
box-and-whisker display for the frequency distribution.

X

O B NN O W
g = 01 W w —

7
11 4
14 2

#4 Find the sample mean, the sample standard deviation, the sample median, SSA(A and draw a labeled
box-and-whisker display for the frequency distribution.

X

gaa b~ W N P

6 11

#5 The following data-set represents the lengths of 30 chosen at random from a lake that had a population of
fish whose mean length was 12 and whose population standard deviation was 2, find the sample mean, the
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sample standard deviation for this sample of size 30.
A4.79,11.485,13.44,11.62,8.604, 14.928,9.196, 12.814,9.777,10.304,11.562,11.065, 12.348, 8.45, 10
11.196,13.699,11.219,13.819,9.174,14.554,13.73,9.713,10.898, 13.444,12.102, 13.561, 10.351, 9.607

DATA ANALYSIS:

We now turn our attention to bivariate data sets — that is to say data that comes as a set
of ordered pairs of numbers.
Example 1: Consider the following bivariate data set

Calories(X) 260 400 210 450 156 313 290 455 440 610 230 512 360 838 299
Fat(y)ingms) 15 24 13 22 7 20 12 25 20 38 11 34 16 51 15

Here the first number (X) represents the number of calories in a food product and the
second number (y) represents the corresponding number of grams of fat contained in the
food product.

What we do next is to see is there exists any mathematical relationship between the two
variables x and y. To investigate this we first construct what is know as a scatter diagram.
Each of the bivariate data is ploted as a point in the plane yielding a diagram somewhat like
the following, where the points tend to be scattered somewhat (hence the namel).

From this diagram it looks as if the points have a certain amount of order to them — in fact
we may suspect a straight line relationship, since all the points, although not colinear are
close to being so. Actually, it turns out, for any such scatter diagram that there is a unique
line associated with the scatter diagram called the BEST FIT LINE (BFL for short). In this
particular case the best fit line superimposed onto the same grid as the scatter diagram
looks somewhat like the following diagram.
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Give a scatter diagram with n points and a given non-vertical line in the plane we can
associate with the line a sum of squares of the errors,
SSE, as shown in the following diagram. The BFL is the unique line that minimizes SSE.

How to do a scatter diagram on the TI-83:

First we enter the x-coordinates into list L1, and the y-coordinates into list L,. We then need
to press the following sequence of buttons.

This will take us to the statistical plot formatting window which will look somewhat like the
following:
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The cursor will be flashing on the °On°, so that if we now press the enter button we will have
turned plot #1 on and we'll see a screen like the following, where, again, the cursor will be
flashing on the °On°, but the °Off° will no longer be highlighted as in the following diagram.

By pressing a combination of the following buttons we can navigate the formatting window
and change it (if necessary) to look exactly like the diagram directly above.

We can the get the scatter diagram by pressing the following sequence of buttons:

To draw the Best-Fit-Line (also called the regression line) along with the scatter diagram we
must press the following sequence of buttons.

The Best-Fit-Line, although indeed the best fit line may not be a very good fit! To
determine if the BFL is a good fit we need to run a regression analysis of the bivariate data.
Once the data has been entered as L; and L,. All we need to do is press another sequence
of buttons as follows.
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This will result in the following output screen:

LinReg
y=ax+h
a = .06489729

b = ?3.65979463
r2 = 941459189
r = .9702881989

This gives a the slope of the BFL and b the y-intercept of the BFL and the correlation
coefficient r and its square r?, called the coefficient of determination. What r? determines is
is the BFL is a good fit (best does not always mean good!). WE have a simple rule of
thumb as follows:

The BFL isagood fitif r2 ~ .5, the bigger r?2 isthe better; r> —1 andr? = 1if and only if the BFL isap erfect

We can now use the model to interpolate or extrapolate. Interpolating is using the data to
estimate results within the domain of the datab that is within the viewing window.
Extrapolating is the same thing but outside of the viewing window. Interpolating is easier
since we don't have to change the viewing window. For instance, if we want to know what
the model would predict the number of grams of fat in a food product with 700 calories we
could find the answer by typing the following:

This will give an out put screen like the following(without the arrows and words!).
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This gives an answer of about 41.8 gms of fat.

Suppose, on the other hand, that we wanted the the model to estimate the number of
grams of fat in a food product with 1000 calories.

First we would need to change the viewing window by pressing the following button.

Then modify the window formatting so that it looks like the following:.

Xmin = 87.8
Xmax = 1100
Xscl = .1
Ymin = ?.48
Ymax = 80
Yscl = .1
Xres=1

Then press the following sequence of buttons.

This will display y = 61.237495 at the right-hand bottom of the screen, giving an answer of
about 61.2 grams of fat, predicted by the BFL model.

NON-LINEAR MODELING OF DATA:

In the last section we looked at linear modelling. We can also use the TI-83 to do certain
types of non-linear modeling, such as quadratic, cubic, and even logistic modeling. Let's
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look at an example of logistic modeling of a growth situation.
Examplel: A town in the US has populations as follows, for the years given:

YEAR 1700 1755 1788 1799 1812 1830 1880 1910 1940 1960 1995

POPULATION 2300 5000 12000 15000 17000 18000 50000 160000 350000 550000 1200000

Derive the best logistic equation that fits the data using the TI-83 and use this

function to answer the following questions about the population of the town:

(a) What is the estimated population of the town in the year 2005, according to the

logistic model?

(b) What is the estimated population of the town in the year 2050, according to the

logistic model?

(c) What is the estimated population of the town in the year 1925, according to the

logistic model?

(d) In what year did the population reach 500000?

(e) In what year did the population reach 10000007

(f) What does the model predict about the eventual population of the town?
Answer: First we enter the data: YEAR as L1 and POPULATUION as L,. Do a scatter plot.

Then press the following sequence of buttons.

This will give the following output (it may take the calculator about two minutes to do so).
Logistic
y=c/(1+ae”(-bx))
a=2.1082656E24
b=.0276291617
c=4113475.066
To graph the function along with the scatter plot press the following sequence of buttons.
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The reader is left to complete this problem, now that we have a graph of the function (and
the function itself too!).
Example 2: The number of reported AIDS cases in the US by year is shown in the
following table:

YEAR 81 82 83 84 8 86 87 88 89

COUNT 159 610 2029 4423 8263 13200 21676 31921 35050

Use cubic regression to find the best cubic function to model this data and predict

the number of reported aids cases in 1992 1995, 1996.
Solution: Enter the year as list L1 and the count as L. Then press the following sequence of
buttons.

On your screen you'll see the following output:
CubicReg
y=ax3+ bx?+ cx+d

a = 754.80387205

b = 14580.05014

c = ?1285395.112

d = 37583153.18

R? = .9890703694
Like above, in the logistic example, we can superimpose the graph of this function on the
scatter diagram by pressing the following sequence of buttons.
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The reader is left to complete this problem, now that we have a graph of the function (and
the function itself too!).

EXERCISES:

#1 Find the coefficient of determination and the slope and y-intercept of the best-fit-line for the following
bivariate data:

1 6 5
y ?2 13 12

#2 Find the coefficient of determination and the slope and y-intercept of the best-fit-line for the following
bivariate data:

1 6 5
y 2?2 13 12

#3 Find the coefficient of determination and the slope and y-intercept of the best-fit-line for the following
bivariate data:

x 1 23 25 46 7125 10.2 154
y ?1.7 103 145 586 11425 17.62 2854
#4. Consider the following bivariate data set which give the height and weight of 11 adult males.
Height (x)(in feet) 6.21 582 6.11 574 554 593 6.51 6.12 589 6.3 57
Weight (y)(in pounds) 170 120 155 125 109 150 250 200 118 189 110

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model predict the weight of an adult male of height 6 feet

(e) Using the BFL as a model predict the weight of an adult male of height 6.7 feet.(Here you will have to
change the viewing window, since we are extrapolating).

#5: Consider the following bivariate data set which give the height and weight of 11 adult males.
Number of absences (x)(indays) 4 3 3 8 9 15 5 7 4 2
Grade (y)(as a percentage) 78 83 80 65 67 45 90 80 85 95
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(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model to predict the grade of a student that had missed 6 days.

(e) Using the BFL as a model to predict the grade of a student that had missed 20 days.(Here you will have to
change the viewing window, since we are extrapolating).

#6: Consider the following bivariate data set which give the number of mistakes that a professional guitar
player makes when she rehearses for a show.

Number of Rehearsals 3 5 6 12 6 7 8 10 15 12 14 2 3

Number of Mistakes 6521 2322 1 2 1 514

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model to predict the number of mistakes after 9 rehearsals.

(e) Using the BFL as a model to to predict the number of mistakes after 17 rehearsal.(Here you will have to
change the viewing window, since we are extrapolating).

#7:. Consider the following bivariate data set which give the number of mistakes that a professional guitar
player makes when she rehearses for a show.

Age of wife XA 34 23 49 45 73 67 25 34 45 46 37 19 18 24 25 81 89
Ageof husband A/A 43 25 54 46 73 60 20 36 39 52 41 23 18 25 22 78 83

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model to predict the age of a woman's husband if she is 30 years old.

(e) Using the BFL as a model to to predict the age of a woman's husband if she is 93 years old.(Here you will
have to change the viewing window, since we are extrapolating).

#8: Consider the following bivariate data set which give the number of mistakes that a professional guitar
player makes when she rehearses for a show.

Ageof husband XA 43 25 54 46 73 60 20 36 39 52 41 23 18 25 22 78 83
Age of wife A/A 34 23 49 45 73 67 25 34 45 46 37 19 18 24 25 81 89

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model to predict the age of a man's wife if he is 30 years old.

(e) Using the BFL as a model to to predict the age man's wife if he is 94 years old.(Here you will have to
change the viewing window, since we are extrapolating).

#9: Consider the following bivariate data set which give the age at death of men and their sons, all of whom
died of natural causes.
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Age of father at death 89 72 65 93 67 78 77 66 74 73 71 60 69 84
Ageof sonatdeath 90 73 69 100 70 85 84 68 76 79 80 70 76 93

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.

(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) Using the BFL as a model to predict the number of years of a man whose father died at 85 years of age.

(e) Using the BFL as a model to to predict the number of years of a man whose father died at 105 years of
age. (Here you will have to change the viewing window, since we are extrapolating).

#10: Consider the following bivariate data set which give the salery of a peopleliving in the same small town
versus their age.

Age An yearsA 25 33 43 55 67 39 22 45 50 54 18
Salery An dollars per yearA 23000 25000 45000 67000 45000 76000 100000 89000 37500 39450 19(

(a) Draw a scatter diagram of this data. Make sure to label your diagram and indicate scales on the axes.
(b) Find the slope and intercept of the best-fit-line(BFL). Draw the BFL along with the scatter diagram.
(c) Calculate the correlation coefficient, r. Is the best-fit line a good fit? Why?

(d) If you leave out the 22 year old, the 45 year old, and the 39 year old find the new correlation coefficient, r.
Is the best-fit line of the amended bivariate data good fit? Why? What salery would the new BFL predict for the
three that were left out?

#11: Find the best linear fit to the following data and predict from the best fit what the value at x=8 and at x=14
would be.

X 2 4 6 9 11
y 282 7566 1515 318.31 465

#12: Find the best quadratic fit to the following data and predict from the best fit what the value at x=8 and at
x=14 would be.

X 2 4 6 9 11
y 282 7566 1515 318.31 465

#13: Find the best cubic fit to the following data and predict from the best fit what the value at x=8 and at x=14
would be.

X 2 4 6 9 11
y 282 7566 1515 318.31 465

#14: Find the best quartic fit to the following data and predict from the best fit what the value at x=8 and at
x=14 would be.

X 2 4 6 9 11
y 282 7566 1515 318.31 465

#15: Find the best logistic fit to the following data and predict from the best fit what the value at x=8 and at
x=14 would be.
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X2 4 6 9 11
y 282 7566 1515 318.31 465

#16 Which of the models gives the best fit to the data in the last five questions?

#17: The number of reported AIDS cases in the Michigan by year is shown in the following table:
YEAR 1985 1990 1993 1994 1995 1996 1997
COUNT 61 579 1817 1020 1193 958 883

Use cubic regression to find the best cubic function to model this data and predict the number of reported aids
cases in 1988, 1992, 1998.

#18: A town in the US has populations as follows, for the years given:
YEAR 1700 1755 1788 1799 1812 1830 1880 1910 1940 1960 1995
POPULATION 3000 6000 13000 16000 18000 19500 56000 170000 380000 590000 1350000

Derive the best logistic equation that fits the data using the TI-83 and use this function to answer the following
questions about the population of the town:

(a) What is the estimated population of the town in the year 2005, according to the logistic model?
(b) What is the estimated population of the town in the year 2050, according to the logistic model?
(c) What is the estimated population of the town in the year 1925, according to the logistic model?
(d) In what year did the population reach 5000007

(e) In what year did the population reach 10000007

(f) What does the model predict about the eventual population of the town?
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PART IV: FINANCIAL MATHEMATICS:

We will study compound interest and the essentials of savings and loans. We will have
occasion to use the following six basic formulas (either by working with a scientific

calculator and paper, or using vicariously via the built -in features of the TI-83 calculator).

COMPOUND INTEREST:

First we will derive the compound interest formula: P (for Principal) dollars will be invested
for t years at an annual interest rate (expressed as a decimal) of r, and compounding of
interest will be done n times a year D * that is, interest is calculated on the account at a
pro-rated interest rate of 1. So, here we go: we start by putting P dollars into the account,
after one time period (one X th of a year) we'll have

P+ LP dollars, after the second time period we will have P+ £P + L/ + LPA= PA + LR
dollars, after the 3rd time period we'll have PAL + LR + LA + L RA= PA + L& dollars,...,
after the Nth time period we'll have PAL + LA dollars. Since there are n time periods every
year, after t years there will be nt times periods that will have elapsed, and so we get the
first formula (where B is the Balance):

B =PA+ LA

To get the second formula, we need to take limits as n gets bigger and bigger:
lim A + LAtA= P{Iim A+ %ﬁ(‘A}t = PAE'C = Pe't; giving our continuous compound
innterest formula: "
B = Pe"
Example 1: Fred invests $3000 in a bank which has an APR of 12% compounded
daily. How much will the balance be after 9 years?

Answer: We can solve this problem by pressing the following sequence of buttons on the
calculator.

Example 2: Jane invests $2000 in in a credit union that has an APR of 11%
compounded continuously. How much will the balance be after 8 years?
Answer: We can solve this problem by pressing the following sequence of buttons on the
calculator.
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ANNUAL PERCENTAGE YIELD (APY):
This is the interest accrued in one year as a percentage of the origingl amount of money
invested. In the discrete case this gives the following: APY, = [M] 6100, or

P
canceling the P's the following:

APY n=((1+-%)"-1)6100%.

In a similar fashion we get the following formula in the discrete case:
APY =(e"-1)6100%

When you are investing money, the best bank is the one with the highest APY.
Example 3: Bank #1 has an APR of 11% compounded monthly and Bank #2 has
an APR of 10.9% compounded continuously. Find the APY for each bank. Which
bank is better in terms of investing?

Answer:

To find APY 4 press the following sequence of buttons on the calculator.

This gives an APY of 11.57% (approximately).
To find APY press the following sequence of buttons on the calculator.

This gives an APY of 11.51% (approximately). So the bank #1 is the better deal.

SAVINGS AND LOANS (Discrete; with payments are made at the end of each pay
period, which is, in practice usually 1 month):

SAVING:
Suppose that you invest D dollars n times a year in a bank that gives an annual interest rate
of r (expressed as a decimal) and that compounds interest n times a year, then:

After 1 time period (+th of a year), we have D dollars in the bank (D for Deposit, by the
way!).

After 2 time periods (2th of a year), we have D + DK dollars in the bank (where K = 1+ &),
The D is from the deposit made at the end of this period and the DK is how much the
original deposit has grown to since it was deposited at the end of the last pay period.

After 3 time periods (Zth of a year), we have D + DK + DK? dollars in the bank (where

K =1+ £). The D is from the deposit made at the end of this period and the DK is how
much the original deposit has grown to since it was deposited at the end of the last pay
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period and DK? from the original deposit
FFF
After mtime periods (&'th of a year), we have D + DK + DK? +° + DK™ ® dollars in the bank
(where K =1+ ). So:
After nt time periods (t years), we have
D+DK+DK?+" +DK™1

dollars in the bank (where K = 1 + ). But _
D+DK+DK?+ " +DK™!=DA+K+K2+" +KM"IA

Now let
X=1+K+K2+ " +K"1
then:
KX= K+K2+" +Kt1l4+Km
Subtracting the last two equations we get the following:

5% = KM _ KM"?21
KX?X=K*?21 or X=H-ZL.

Hence the balance after t years of saving is as follows:

- KM 1 -
B=DD— whereK = 1+ f.

(In a similar fashion we can show that you invest D dollars k times a year in a bank that
gives an annual interest rate of r (expressed as a decimal) and that compounds interest n
times a year, then the balance B in the bank after t years will be given by the following
formula:

B=DD:giWMmK=1+%A
In practice it is most often the case that n=12 in which case we get:

— K12t g —
B=DD—— whereK—1+ﬁ.

LOANS:
Similarly if you borrow $P from a bank that gives an annual interest rate of r (expressed as
a decimal) and that compounds interest n times a year and you pat back the loan in k
installments of $D each year then the amount of money that you will owe the bank after t
years is given by

Amount owed = PK® 2D DL where K = 1+ L.
Kk 1
It is normally the case that n = k = 12, in which case the formula looks a bit better:

Amount owed = PK2 2 D D Kf[ll whereK = 1+ .

Now let's turn to some examples of the use of these savings and loans formulas and to also
explore the built-in capabilities that the TI-83 has with regard to this B + The Time Value
Money (TMV for short) Solver.
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Example 4: Kirsten saves $225 at the end of each month in an account that has
an APR of 14% compounded monthy. How much money will she have in 12
years?

Answer: We have the following: P =225, r = .14, n = 12, t = 12; which we need to plug into
. 12t .

the savings formula: B = D DX—1 whereK = 1+ +5 - First of all we can shore 1 + % as K

by pressing the following sequence of buttons on the calculator.

Then to get the required balance we need to press the following sequence of buttons.

This will give an output of 83191.47096, so the answer is about $ 83191.47.

We can also find this answer by using the TVM-solver by pressing the following sequence
of buttons and amending the screen to look like the diagram that follows.

Then press the following sequece of buttons to get the following output from the
TVM-solver.
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The N denotes the total number of payments made over the time period, | % denotes the
APR (not expressed as a decimal!), PV denotes the present value, PMT denotes the
payment (which by the way is always negativeb *the button beside the enter sign rather
that the one two aboveb twhich is subtraction), FV denotes the future value, P/Y denotes
the number of payments in one year, C/Y denotes the number of times interest is
compounded in one year, We always make payments at the end of the time interval and
S0 you may always leave the last line as it is. Note the bullet that appears beside the
answer (83191.47096).

Now we look at an example of a loan situation:
Example 5: Ellis borrows $20,000 from a bank that has an APR of 10%
compounded monthly and plans to pay off the loan in equal monthly installments.
If he wants to pay off the debt in 10 years what would his monthly payment be?

Answer: This time we'll us the TVM-solver first. To get into the TVM-solver set-up window
press the following sequence of buttons.

Amend the screen to look like the diagram that follows.

Then press the following sequece of buttons to get the following output from the
TVM-solver.
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So the answer is approximately $ 264.30. Notice that the future value is 0, because Ellis
wants to have paid off the loan in the given time.

To solve this problem using the loan formula we have to solve for D as follows (Note that
the amount owed has been set to O.:

AC120 9 1A 1
- 120 9 = =t
0 = 20000K**? D D K51 whereK = 1+ i
Iff (if and only if):
A(lZO ? 1A 1
120 — = et
20000K**® =D D K51 whereK = 1+ i
Iff
—202929?120 = DwhereK =1+ 1—12
{7}
iff:

120
o - 200001+

(li_]é 1201
()

Example 5: Jane borrows $5,000 from a friend and plans to find a bank loan to
pay his friend. She wants to make monthly payments of $150. If the bank has an
APR of 8% compounded monthly after how many months will she have paid off
the loan (assume the last payment she makes is less than or equal to the
payments up to that time)?

= 264.3.

Answer: We'll just use the TI-83 to solve this as its a little harder to solve using the formula
(although not that hardb the reader may like to try her hand at this). So press the following
buttons, as above.

Amend the screen to look like the diagram that follows.
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Then press the following sequece of buttons to get the following output from the
TVM-solver.

So the answer is 38 months.

EXERCISES IN FINANCIAL MATH:

#1 You start with $1 and after one year it triples to $3 and continues to quadruples at the end of each year.
How much money would you have after 10 years? What APR does this correspond to?

#2 $4500 is invested in Bank#1 which compounds interest daily and has a APR of 12%. Another $4500 is
invested in Bank#2 which compounds interest continuously and has a APR of 11.5%.

(a) What is the APY for each bank?
(b) Which of the two banks has a bigger balance after 30 years, and how much is the difference?

#3 Fred invests $3000 in a bank which has an APR of 12% compounded daily. He also invests $2500 in a
credit union that has an APR of 11% compounded continuously. How much will the combined balance in thes
two accounts be worth after 9 years?
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#4 Sally saves $200 at the end of each month in an account that has an APR of 9% compounded daily. How
much money will she have in 35 years?

#5 Jim borrows $60,000 from a bank that has an APR of 6% compounded monthly and plans to pay off the
loan in equal monthly installments. If he wants to pay off the debt in 15 years what would his monthly payment
be?

#6 Jane started a college fund for her son Gavin. At the end of every month, Jane placed $250 into this fund
which pays 12% APR compounded monthly. Gavin just celebrated his 18th birthday. How much is in his
college fund?

#7 You have found a car that you would like to buy. The car costs $15000. The lowest APR you can find is
12%. You must make regular monthly payments for the next 5 years. What will your monthly payment be?

#8 You have found a car that you would like to buy. The car costs $10000. The lowest APR you can find is
7.5%. You must make regular monthly payments of $450. How many months will it take to pay off the loan?

#9 Jane saves $250 at the end of each month in a bank. If after 15 years she wants to have at least $100000
in the bank what is the lowest APR that she will need to obtain?

#10 You borrowed $15,000 at APR 14% compounded monthly and plan to pay $350 each month (except for
the last payment which may be less). How long (in years and months) will it take you to pay off the debt?
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